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This  s tudy  was  conducted t o  determine i f  s i g n i f i c a n t  f o r c e s  could be 
genera ted  by t h e  movement of one se rvoac tua to r ,  t r ansmi t t ed  through t h e  
mechanical l i nkage  t o  t h e  p i s t o n  of t h e  o t h e r  s e r v o a c t u a t o r  and thereby  
create a p res su re  surge of s u f f i c i e n t  magnitude t o  cause s t r u c t u r a l  f a i l u r e  
of hydrau l i c  components. 
I n t r o d u c t i o n  
I n  the  a n a l y s i s ,  c e r t a i n  s impl i fy ing  assumptions were made. These w i l l  
be enumerated when used. The assumptions are always chosen so t h a t  t h e  e f f e c t  
w i l l  be c o n s e r v a t i v e ,  i . e . ,  worst  case  cond i t ions  are e s t a b l i s h e d .  One of 
t h e  f i r s t  i s  t h a t  t h e  s p r i n g  cons tan t  i s  a, i .e. ,  no energy may be s t o r e d  
i n  t h e  mechanical conf igu ra t ion .  A po in t  mass is a l s o  assumed and t h e  
equa t ion  of motion f o r  t h i s  mass is  der ived .  The motion is  due t o  t h e  
e x t e n s i o n  or r e t r a c t i o n  of one se rvoac tua to r  p i s t o n  (hencefor th  c a l l e d  
s e r v o a c t u a t o r  N o .  1) while  maintaining f i x e d  l e n g t h s  from t h e  po in t  mass 
p o s i t i o n  t o  the  engine  gimbal po in t  and t o  t h e  v e h i c l e  t i e - p o i n t  of t he  
o t h e r  s e r v o a c t u a t o r  (hencefor th  c a l l e d  s e r v o a c t u a t o r  No. 2) .  
Geometrical  Conf igura t ion  of System 
The eng inee r ing  d a t a  used t o  e s t a b l i s h  coord ina te  systems were ob ta ined  
from Figure  2-1SA i n  S e c t i o n  I1 of r e p o r t  R-3896-1 and from t h e  drawing of 
t h e  F-1 Engine S imula tor  Stand prepared by t h e  Brown Engineering Company 
and dated 6-27-65. 
The f i r s t  approach was evolved i n  the  fo l lowing  manner. S ince  t h e  
l eng th  from t h e  po in t  mass t o  t h e  gimbal p o i n t  is assumed t o  remain f i x e d ,  
motion of t h e  po in t  mass about t h e  gimbal p o i n t  d e s c r i b e s  a sphere.  I n  
l i k e  manner the  motion of t h e  poin t  mass about t he  f i x e d  l e n g t h  s e r v o a c t u a t o r  
N o .  2 v e h i c l e  t i e - p o i n t  a l s o  d e s c r i b e s  a sphere .  The i n t e r s e c t i o n  of t h e s e  




two sphe res  resu l t s  i n  a c i r c l e  which is the  t r a j e c t o r y  of t h e  motion of 
t h e  p o i n t  mass. 
The f i r s t  coord ina te  t r ans fo rma t ion  is made t o  o r i e n t  t h e  coord ina te  
system s o  t h a t  t he  plane containing t h e  c i rcu lar  t r a j e c t o r y  is p a r a l l e l  
t o  one of t h e  p l anes  formed by two coord ina te  a x e s  r e s u l t i n g  i n  a s impler  
e x p r e s s i o n  for t he  motion of t h e  po in t  mass. 
The second coord ina te  t ransformation is  made t o  t r a n s l a t e  t h e  o r i g i n  
of t h e  coord ina te  system t o  the  n e u t r a l  p o s i t i o n  of t h e  p o i n t  mass so t h a t  
t h e  c o o r d i n a t e s  of t h e  p o i n t  mass p o s i t i o n  v e c t o r  are a l l  z e r o  when t h e  
eng ine  is i n  the n e u t r a l  p o s i t i o n .  
The d i f f e r e n t  coord ina te  systems and i d e n t i f i c a t i o n  of nqmenclature 
are g iven  i n  Figure 1. 
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F igu re  1: - Loca t ion  of Equivalent P o i n t  Mass of t h e  Engine w i t h  
Respect t o  Three C a r t e s i a n  Coordinate Systems. 
Whe re : 
(1) O1 - t h e  gimbal p o i n t  of t he  engine. 
( 2 )  M - t he  e q u i v a l e n t  po in t  mass of t h e  engine. 
(3 )  C - t h e  f i x e d  p o i n t  i n  the y z plane t o  which a c t u a t o r  No .  2 1 ’  1 i s  a t t a c h e d .  
(4) B - t h e  f i x e d  p o i n t  i n  the x 1’ y 1 plane t o  which a c t u a t o r  N o .  1 
is a t t a c h e d .  
3 
* t 
(5) t h e  x l ,  y l ,  z 
coord ina te  system i n  Figure 2-15A from R-3896-1 Report ,  Sec t ion  11. 
(6) rl - t h e  magnitude lyll is  the  l e n g t h  of t h e  v e c t o r  from t h e  gimbal 
(7) T2 - the  magnitude ly21 i s  t h e  equ iva len t  f ixed  l eng th  of servo- 
a c t u a t o r  N o .  2 ,  %.e. ,  t h e  l e n g t h  from the  se rvoac tua to r  
veh ic l e  t i e - p o i n t  t o  t h e  po in t  mass of t h e  engine .  
coordinate  system corresponds t o  t h e  x y, z 
1 g'  g 
- 
p o i n t  of t he  engine t o  t h e  p o i n t  mass of t h e  engine.  
is t h e  equ iva len t  v a r i a b l e  l e n g t h  of 1% I ( 8 )  y3 - t h e  magnitude 
se rvoac tua to r  No. 1, i.e.,  t h e  l e n g t h  from t h e  se rvoac tua to r  
veh ic l e  t i e - p o i n t  t o  the  po in t  mass of t h e  engine.  - 
( 9 )  r4 - t h e  magnitude 1T.I is t h e  l eng th  of t h e  v e c t o r  from the gimbal 
po in t  t o  t h e  vehicle  t i e - p o i n t  of se rvoac tua to r  N o .  2. 
(10) X - angle  through which x z coord ina te  system i s  r o t a t e d  
1' yl '  1 ' 1 1 
about t h e  x a x i s  t o  e s t a b l i s h  t h e  x , y , z coord ina te  system. 
X = cons tan t  = 8". 
1 
F i r s t  Approach 
1, yl,  z I n  the  x 
192 
1 
coordinate  system wi th  i t s  o r i g i n  a t  the gimbal 
1 
1 
p o i n t  0 
and 7 are given by: 
t he  f i x e d  v e c t o r  r and the n e u t r a l  p o s i t i o n s  of t h e  v e c t o r s  r 4 
2 - 
r = (12.8) Fx + (52.8) ;; + (12.7) Gz 
r = (-10.5) E + (-75) E z  
1 y1 1 





- - - - - 
r = r - r = (12.8) Ex + (63.3) E + (87.7)  Gz 
1 Y l  1 2 1 4  
- 
where i;: , p and are u n i t  vec to r s  d i r e c t e d  along t h e  p o s i t i v e  x l ,  
1 2 x1 y1 
y l ,  z axes re spec t ive ly .  1 
2 Now s i n c e  it is assumed tha t  t h e  l eng ths  of t h e  v e c t o r s  7 and I- 1 
do n o t  change upon motion of t h e  point  mass then  
( l )Supe r sc r ip t s  r e f e r  t o  reference number 
and 
1% 
I '  
4 
= constant  = 55.8", 
1G21= cons tan t  = 108.9" (2 1 
1T41= cons tan t  = 75.729". 
1 t 9 
I n  the  x , y , e coord ina te  sys t ems  w i t h  i t s  o r i g i n  a t  t h e  gimbal 
p o i n t  01, t h e  t r a j e c t o r y  of t h e  motion of t h e  p o i n t  mass d e s c r i b e s  a circle 
which is contained i n  a p l ane  p a r a l l e l  t o  t h e  plane formed by t h e  x , y 
c o o r d i n a t e  axes.  This  x , y , e coord ina te  system is obtained from t h e  
I *  
r 
coord ina te  system by a r o t a t i o n .  The xl ,  y l ,  z1 coord ina te  system 
X1' Y l '  1 
t 
is  r o t a t e d  about t h e  x a x i s  u n t i l  the e axis (corresponds t o  t h e  z axis  
before  r o t a t  ion1 p a s s e s  through t h e  v e h i c l e  t i e - p o i n t  of s e r v o a c t u a t o r  No. 2. 
1 
This  w i l l  t h e n  g i v e  t h e  geometr ical  r e l a t i o n s h i p s  d e p i c t e d  i n  F igu re  2 .  
The t r a n s f o r m a t i o n  e q u a t i o n s  w i l l  be given d i r e c t l y .  
1 
z < C 
Figure:2: - P a t h  Described by Equivalent  P o i n t  Mass of Engine i n  
I 1 1 
x , y , z Coordinate System, 
1 t t 
With r e s p e c t  t o  t h e  x , y , z coord ina te  system t h e  p a t h  desc r ibed  
by t h e  p o i n t  mass (MI of t h e  eng ine ,  w i th  t h e  c o n s t r a i n t s  t h a t  I;J = c o n s t a n t  
and 1T21= c o n s t a n t ,  is a c i rc le  p a r a l l e l  t o  t h e  x ' ,  y'  plane.  The c e n t e r  
t 
of t h e  c i r c l e  i s  d i s p l a c e d  a cons tan t  d i s t a n c e ,  "a*', on t h e  z a x i s .  
A t  z = a the  e q u a t i o n  of t h e  c i r c l e  is: 
x ' 2  + y '2 = 1;5) 
5 
t h e  r e f  ore : 
y ' - -   j r  where (F5t = c o n s t a n t .  
= r a d i u s  of c i r c l e  (4 1 
The v e c t o r  r can be expressed as: 1 
- 
and a r e  u n i t  vec to r s  d i r e c t e d  a long  the p o s i t i v e  x ' ,  y 
? 
x" Pyl 2' where 
and z axe$ r e s p e c t i v e l y .  Using Equation (4) 
? 
(5) 
1 -  
r = ( X I % ,  + 1 
It should be pointed out tha t  for p r a c t i c a l  displacements  (physical  
l i m i t a t i o n s  on amount of r e t r a c t i o n  or e x t e n s i o n  of s e r v o a c t u a t o r  p i s t o n s )  
of t h e  po in t  mass t h e  values of the coord ina te  y w i l l  be p o s i t i v e  s o  t h a t  
only t h e  p o s i t i v e  s o l u t i o n  g i v e n  by Equat ion (4) need be r e t a i n e d  and such 
is  t h e  case i n  Equation (5) .  
1 
The value of t he  l eng th  a can be determined from Figure  3 and Equation 
(2) I 
Figure  3: Figure Used t o  Determine t h e  Value of (a). 
and 
=/p. 52.2" ' (7) 
. 6 
It is now des i r ed  t o  w r i t e  t he  v e c t o r  i n  t h e  x , yo,  zo coord ina te  
1 0 
system. This  is a coord ina te  system whose o r i g i n  i s  a t  t he  n e u t r a l  p o s i t i o n  
of t h e  po in t  mass and is  accomplished by a t r a n s l a t i o n  of t he  o r i g i n a l  
x y l ,  z1 coord ina te  system. Transforming the  vec to r  F given by Equat ion 
5 t o  t h e  xl, y l ,  z1 coord ina te  sys t em r e su l t s  in :  
1' 1 
(See F igure  4) 
Coord h a t e  s r o t a t e d  about 
x a x i s  
1 
1, y l ,  z Figure  4: - Transformation of x Coordinate  System i n t o  
t 1 f 1 
x , y , z Coordinate System 
Coordinate  Transformation or Unit Vector  Transformations 
0 
cos o( 
s i n  A 
0 
cos PC 
- s i n  4 
7 
z coord ina te  can now be w r i t t e n  i n  the  x 0 , yov  The v e c t o r  f 
0 
system which has the  n e u t r a l  pos i t i on  of t h e  po in t  mass as i t s  o r i g i n .  
1 
The t r ans fo rma t ion  between t h e  x l ,  y l ,  z1 coord ina te  system and the  
xo, yo, z 
format ions  are g iven  i n  Equation ( 9 ) .  
coord ina te  system is  a l i n e a r  displacement  and the  t r ans -  
0 
Coord h a t e s  Unit  Vectors  
- and icl = i2.6 
- = and k2 = 52.8 
- and k = 12.7 
- 
1 




?Yo - Y 1  Y1 - Yo + k2 9 - 
3 1 
- P Z  o + k 3 ’  % 0 
z = z  
1 




Eqtiation (19) is an exac t  express fon  f o r  t h e  v e c t o r  r and i s  a 1 
f u n c t i o n  of only one v a r i a b l e  (x  1. 
m a s s  (M) of t h e  engine can be determined by the  v e c t o r  F 
The p o s i t i o n  of t h e  equ iva len t  p o i n t  
0 
1’ 
A s o l u t i o n  f o r  t he  equat ion  of motion of t h e  equ iva len t  po in t  mass 
of t h e  engine  a s  a f u n c t i o n  of t i m e  (assuming a given ex tens ion  of t h e  
a c t u a t o r  as a f u n c t i o n  of t i m e )  was at tempted us ing  Equat ion (10). The 
complexi ty  of t h e  equa t ions  obtained by us ing  t h i s  approach became 
unwieldy for hand computation and ano the r  approach was sought .  
be poin ted  out t h a t  t he  p o s s i b i l i t y  of machine computation w a s  kept  i n  
It should 
mind and i f  r e s u l t s  from t h e  succeeding approximation ind ica t ed  t h e  genera- 
t i o n  of de t r imen ta l  p re s su re  su rges ,  the  exac t  s o l u t i o n  would be sought .  
An approximate s o l u t i o n  w i l l  now be given.  Redrawing Figure  2 
8 
i n  a manner more conducive t o  a n a l y s i s  by angu la r  coord ina te s  r e s u l t s  i n  
F igu re  5. 
2' 





e measured from , 
plane  con ta in ing  z 
n e u t r a l  p o s i t i o n  of 
p o i n t  mass 
axis axd pc ix t  of 
8 = s i n  -1 1"l - = c o n s t a n t .  
Simp1 i f  i ed  Unit  Vector  
Notat  i o n  
1 1 t 
Figure  5: - P a t h  Described by Equiva len t  Po in t  Mass i3 x I y , z 
CoordLnate System. 
A g iven  eXtension i n  a c t u a c t o r  No. 1 w i l l  cause a displacement  of 
t h e  po in t  mass i n  t h e  + 8 d i r e c t i o n  as shown i n  F igure  6 .  
M(o) - i n i t i a l  Y '  p o s i t i o n  pro- 
j e c t e d  i n t o  x ' ,  y'  
p lane  . 
1 
X 
i t  I 
Figure  6 :  - Pro jec t ed  Pa th  i n  x , y Plane .  
From Figure  6:  
9 
The t a n g e n t i a l  speed of po in t  M is: 
d s  
d t  
v = - = s i n  4 
Where e = angu la r  speed of t h e  point  M 
Using v e c t o r  n o t a t i o n  , t he  angular  v e l o c i t y  is g iven  by 3 
- e ,  
o = -8 k ,  
and t h e  v e l o c i t y  of t he  po in t  M is  
d t  
1 
The a c c e l e r a t i o n  of p o i n t  M is 
- 
1 
1 d t  
d r  - d v - d  - - du  - - 
x r  + w x - .  a = - -- (w x r,) = - d t  d t  d t  
Rewri t ing Equation (15): 
- - e -  u -  
Where P( = -A k = -w k = -8 k = angular  a c c e l e r a t i o n .  Solving Equation 
(16) u s i n g  t h e  v e c t o r  T1 given i n  Equation (5)  g ives  
To determine 6 ,  5 u s e  equat ion  (11). 





F o r  small angu la r  displacements  x' w i l l  be approximately: 
10 
The chord displacement  (As) w i l l  be p ropor t iona l  t o  t h e  displacement  
of a c t u a t o r  No. 1 ( A t )  for small displacements ,  i . e . ,  
A s z k A t  (21) 
The va lue  of t h e  cons t an t  of p r o p o r t i o n a l i t y ,  k, can be determined 
t o  be approximately 1.54 as shown i n  F igure  7112 when t h e  po in t  mass i s  i n  
t h e  n e u t r a l  p o s i t i o n .  
t?-75.7" .-3 
/ \  
.-. A t  -- 
s i n  f3 
1 - = 1.54 
s i n  $ 
Figure :  7 - Figure Used t o  Determine the  Constant  of P ropor t iona l  k. 
S u b s t i t u t i n g  Equation (21) i n t o  Equation (18) y i e l d s :  
d f  
d t  Where - = l i n e a r  v e l o c i t y  of t h e  ac tua to r  and dLL is  t h e  l i n e a r  acce le ra -  
t i o n  of t h e  a c t u a t o r .  Using Equations (20) and (22>, t h e  a c c e l e r a t i o n  
2 d t  
v e c t o r  (Equation 1 7 )  can now be w r i t t e n  as: 
L 
11 
and f o r  s m a l l  angu la r  displacements  
From Newton's Law as app l i ed  t o  t h e  k i n e t i c s  of p a r t i c l e s :  
It seems reasonable  to assume t h a t  t he  maximum a c c e l e r a t i o n ,  t h e r e -  
f o r e  maximum f o r c e ,  occurs  a t  t h e  i n s t a n t  t h e  a c t u a t i n g  s i g n a l  is  appl ied 
and be fo re  t h e  mass has been displaced any apprec iab le  d i s t a n c e .  Therefore 
8 and 8 are ve ry  small  q u a n t i t i e s .  With t h i s  approximation, equa t ion  (24) 
can be w r i t t e n  as: 
r 
It now remains t o  f i n d  t h e  component of f o r c e  t n a t  is t r a n s m i t t e d  
2 a long  t h e  axis of t he  p i s t o n  of se rvoac tua to r  No. 2 .  Recal l ing t h a t  r 
is  a v e c t o r  d i r e c t e d  from the  vehicle  t i e - p o i n t  of s e r v o a c t u a t o r  No.  2 
t o  t h e  po in t  mass, i t  would be more a p p r o p r i a t e  t o  use t h e  l i n e  of a c t i o n  
of a v e c t o r  drawn from t h e  v e h i c l e  t i e - p o i n t  of s e r v o a c t u a t o r  No. 2 t o  t h e  
engine t i e - p o i n t  of s e r v o a c t u a t o r  No. 2 as t h i s  g i v e s  t h e  t r u e  axis of t h e  
p i s t o n .  S ince  t h e  i n i t i a l  displacements are assumed t o  be smal l ,  t h e  
_- 
c o o r d i n a t e s  of t h i s  v e c t o r  w i t h  t h e  engine i n  t h e  n e u t r a l  p o s i t i o n  should 
s u f f i c e .  Label  t h i s  v e c t o r  'f I n  t h e  xl ,  y l ,  z coord ina te  system it is 
g ive n by 
6 '  1 
1 , 2  
r = 54.4 %1 + 2 5  Fz (26) 
1 6 
and by us ing  the  t r ans fo rma t ions  given i n  Figure 4 
- 
r = 50.3 3 + 32.3 E 6 
12 
(27) 
* 1 t 
i n  t h e  x , y , z coord ina te  system. 
The component of f o r c e  given by Equation (25) t h a t  i s  t r a n s m i t t e d  
along t h e  axis of t h e  p i s t o n  of s e r v o a c t u a t o r  N o .  2 is  
Now 
t h e r e f  o re  
4 
The p r e s s u r e  surge developed by t h i s  f o r c e  is Ap = where 4 i s  t h e  
p i s t o n  area of t h e  s e r v o a c t u a t o r  which i s  57 i n  . F o r  a maximum l i n e a r  
a c c e l e r a t i o n  of 12 g ' s  and a n  engine m a s s  of 




2 '  
l b  3 4 2 1  x 10 
g i n i s e c  
2 
* e = 114 . 8 l b / in  . 2 Ap = 
57 i n  
(3 0 )  
Since 8 is  less than  .1 rad ians  ( ~ 5 " )  which i s  t h e  maximum angu la r  
displacement  about t he  gimbal p o i n t  from the  n e u t r a l  p o s i t i o n ,  t h e r e  
does no t  appea r  t o  be any danger of a high p r e s s u r e  surge being developed 
/- 
through t h e  mechanical l i n k .  The low value does not seem t o  warrant  any 
f u r t h e r  i n v e s t i g a t i o n  along t h e s e  l i n e s .  
13 
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